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Abstract

Observations of velocity dispersions of galactic structures over a wide range of scales

point to the existence of a universal acceleration scale a0 ∼ 10−10 m/s2. Focusing on the

fuzzy dark matter paradigm, which proposes ultralight dark matter with mass around

10−22 eV and de Broglie wavelength λ ∼ few×102 parsecs, we highlight the emergence

of the observed acceleration scale from quantum effects in a fluid-like description of

the dark matter dynamics. We then suggest the possibility of a natural connection

between the acceleration scale and dark energy within the same paradigm.
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The question of whether the observed universe requires non-baryonic matter beyond

the Standard Model, or whether the fundamental description of gravity should be modified

beyond the realm of general relativity is one of the outstanding questions in contemporary

physics.

In this essay, we highlight the evidence for a universal acceleration scale, a0 ∼ 10−10m/s2,

in the observed structures in the universe, and examine whether the existence of such a scale

is compatible with the fuzzy dark matter paradigm [1, 2]. In particular, we discuss a possible

relationship between the acceleration scale and the quantum pressure of fuzzy dark matter

models [3], which also suggests that the acceleration scale may change with redshift. We

further conjecture a relationship between the quantum pressure and dark energy, which could

explain why a0 ∼ cH0/(2π) [4].

The empirically established Tully-Fisher (TFR) [5] and Faber-Jackson (FJR) [6] rela-

tions indicate that the observed velocity dispersions of galaxies and clusters of galaxies can

be related to the baryonic content of those structures, independently of the dark matter con-

tent. The TFR and FJR in turn suggest a fundamental acceleration scale a0, and given the

relevance of baryonic matter in these scaling relations, provide motivation for a modification

of gravity and/or modification of inertia [7, 8, 9]. However, it is difficult to reconcile such

attempts with the observed data at all scales, including the precision data from the early

universe provided by the cosmic microwave background (CMB). On the other hand, in tra-

ditional cold dark matter (CDM) models the emergence of an acceleration scale in galactic

structures is not currently understood, although simulations of CDM models hint at such

behavior [10, 11, 12].
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The TFR is an empirical correlation between the absolute luminosity L of a spiral galaxy

and the velocity v∞ of stars and gas in the galaxy’s outskirts as determined from the width

of the 21 cm HI line,

L ∝ vn∞ , (1)

where n ≈ 4. The TFR is often used as a distance indicator: the absolute luminosity can

be determined from the observed velocity, and then compared to the apparent luminosity.

Comparison of the absolute and apparent luminosities then yields an estimate of the distance

to the galaxy.

An alternative correlation is the baryonic Tully-Fisher relation (BTFR). In the BTFR,

baryonic mass is used in place of absolute luminosity:

Mbar ∝ vn∞ , (2)

where, again, n ≈ 4. The BTFR implies a universal acceleration scale for rotationally

supported systems (high surface brightness (HSB), low surface brightness (LSB), irregular,

and dwarf irregular galaxies):

a0 =
v4∞

GMbar

, (3)

where, G is Newton’s gravitational constant. Analysis of galactic rotation curve data in

Ref. [13] yields a0 = (1.3± 0.3) × 10−10m/s2.

There is an analogous correlation observed for pressure supported systems (dwarf spheroidals,

elliptical galaxies, galaxy clusters). The FJR is an empirical correlation between the absolute

luminosity and the line-of-sight velocity dispersion, σ:

L ∝ σn . (4)
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Original observations [6] indicated n ≈ 4. However, subsequent observations found a spread

in values of n. We typically find values in the range n = 3 ∼ 5. The measured value

depends on the dataset and the methods used, and n can be as low as 2 for dwarf galaxies.

Interestingly, globular clusters, which are thought to have formed without dark matter halos

(though this is an open question) follow the FJR, though there is considerable scatter.

Just as with the TFR, an alternative to the FJR is the baryonic Faber-Jackson relation

(BFJR), where the baryonic mass replaces the absolute luminosity:

Mbar ∝ σn . (5)

For n = 4, this implies a universal acceleration scale for pressure supported systems:

a0 =
σ4

GMbar

. (6)

Interestingly, the acceleration scale measured for pressure supported systems is very similar

to the one found for rotationally supported systems. For example, Ref. [14] finds a value of

a0 = (1.5+0.9
−0.6) × 10−10m/s2 for slow-rotator E0 galaxies.

The data presented in Fig. 1 for various structures over a wide range of scales provide

compelling evidence for such an acceleration. We define the “virial acceleration” to be

σ4/GMbar, where σ is the velocity dispersion, G is Newton’s gravitational constant, and

Mbar is the total baryonic mass of the structure. In Fig. 1, we plot the virial acceleration for

structures across observed scales, from globular clusters to galaxy clusters. This is a mass

range of ∼ 104−14M⊙. The central values for various observed structures are extraordinarily

similar, though the spread in values differ for different structures.

Observations of high-redshift galaxies may offer additional insights. Currently, different
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Fig. 1: The virial acceleration for structures spanning about 10 decades of scale M/M⊙ =

104∼14. The data points are: • galaxy clusters [15], + elliptical galaxies [16, 17], × elliptical

galaxies [18, 19], ⋄ elliptical, dwarf elliptical, and dwarf spheroidal galaxies [20], □□□ Milky

Way globular clusters [21], □□□ M31 (Andromeda) globular clusters [22].

models predict different redshift dependence for the observed acceleration scale. For example,

CDM simulations indicate that the acceleration scale increases with redshift, though the

amount of change depends on details of the feedback implementation. Current observations

do not include high enough redshift to address this issue definitively, but going out to z ∼ 2.5,

we see no evidence for a redshift dependence. In Fig. 2, we plot the Radial Acceleration

Relation [23] (RAR) for a sample of 100 high-z galaxies, with redshifts in the range z = 0.5 ∼

2.5. As we see in the plot, the current data are consistent with no change in acceleration
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Fig. 2: The Radial Acceleration Relation (RAR) for a sample of 100 high-z galaxies in the

RC100 sample. Here, gobs and gbar are the observed acceleration and the acceleration due to

baryons only, respectively. Galaxies plotted are in the redshift range z ≈ 0.5− 2.5.

scale with redshift. However, we note that future observations are needed at much higher

redshifts to see if this continues to hold.

Note the following numerological connection between a0 and the Hubble constant H0,

to wit, a0 ∼ cH0/(2π), where c is the speed of light. Why would the Hubble scale have

anything to do with structure formation? Fuzzy dark matter models suggest an origin for

a0 and possible explanations for these related features.

The fuzzy dark matter (FDM) paradigm [1, 2] is interesting as it presents solutions

to problems encountered in canonical dark matter models regarding structure formation.

Fuzzy dark matter models contain ultralight (10−22 eV) particles, perhaps axion-like, with

de Broglie wavelength around (102 − 103) parsecs, long enough to be relevant for structures

at galactic core scales. In this paradigm, the dark matter may be treated as a nonrelativistic
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quantum fluid. For this purpose, the Schrödinger equation is written in its Madelung form

[24] in terms of the magnitude and phase of the wavefunction, ψ =
√
ρ eiS, adapted to the

background of an expanding universe [2]:

∂ρ

∂t
+ 3Hρ+

1

a
∇ · (ρv) = 0 , (7)

∂v

∂t
+Hv +

1

a
(v · ∇)v = −1

a
∇Φ +

ℏ2

2a3m2
∇

(
∇2√ρ
√
ρ

)
︸ ︷︷ ︸

VQ

, (8)

where a(t) is the scale factor, H = ȧ/a, Φ is the gravitational potential, and VQ is the

quantum potential term. The fluid velocity is given by

v =
ℏ
ma

∇S . (9)

The probability density function ρ is identified with the physical dark-matter density, suit-

ably normalized.

The quantum potential VQ has dimensions of acceleration. This term is responsible for

suppressing the formation of cuspy structures in the galactic core and satellites in the galac-

tic halo [2]. Replacing the spatial derivatives by the inverse of the de Broglie wavelength

λdB ∼ 300 pc, and the mass with m ∼ 10−22 eV, the typical acceleration associated with

the quantum potential is aFDM ∼ 2 × 10−10 m/s2. This is an interesting acceleration scale,

of the same order as the acceleration scale observed in the Tully-Fisher and Faber-Jackson

relations. It is then tempting to attempt to explain the virial acceleration of galactic struc-

tures as due to the quantum pressure in fuzzy dark matter, and indeed this connection was

explored in Ref. [3]. There it was found that demanding an equilibrium between the gravita-

tional potential and the quantum potential for the fuzzy dark matter leads to the observed

acceleration scale, with the gravitational potential providing a link between the baryonic
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and dark matter, which ultimately leads to the Tully-Fisher relation. We note that, in the

theory, as long as the density of baryonic matter falls off more rapidly than the dark matter

density, dark matter will start to dominate at the acceleration scale set by the FDM quan-

tum potential. This agrees with observations which indicate that a0 is the acceleration at

the radius where dark matter starts to dominate.

Now we make a suggestion regarding the origin of the fundamental acceleration a0 in

the context of FDM models: In a field-theoretic context the quantum potential in the gen-

eralization of Eqs. (7) and (8) naturally generates the vacuum energy, once one uses the

vacuum wave functional in its expression. For example, for a free and massless bosonic field

(Ref. [25], page 244-245), the vacuum wave functional gives the leading term in the quantum

potential (VQ)0 =
∑

k
1
2
k, which is the standard expression for the vacuum energy that is

quartically divergent in 3 + 1 dimensional spacetime. This expression can be related to the

observed value for the cosmological constant by a careful computation that uses the relation

between the vacuum energy and the volume of phase space, together with the Bekenstein

bound on the gravitational entropy [26, 27]. This in turn gives the relation between the

vacuum energy scale (10−3 eV) and the geometric mean of the Hubble scale (10−34 eV) and

the Planck scale (1028 eV, set by Newton’s gravitational constant). Then the above lead-

ing vacuum contribution to the quantum potential gives an analogous contribution to the

gravitational potential (and thus acceleration) for structures defined by the balancing of the

quantum and gravitational potentials.

Thus a universal acceleration stemming from the leading vacuum term in the quantum

potential of FDM may be related to the Hubble scale (as required by the empirical relation
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a0 ∼ cH0/(2π)), which would make it appear to be fundamental. Note that applying the

same reasoning (see for example, [28]) that gives the scale of vacuum energy as a geometric

mean of an infrared (IR) and an ultraviolet (UV) scale, to the Hubble scale and the vacuum

energy scale itself, one can obtain the scale of 10−19 eV, which is not that far from the

energy scale of FDM quanta (10−22 eV) needed to reproduce the fundamental acceleration

directly from the quantum potential. The scale of 10−19 eV could be associated with the

heavier soliton degrees of freedom of FDM that are responsible for the structure of FDM

halos, and thus it is relevant for structure formulation. Hence, the vacuum contribution

and the leading FDM contribution could be related as they stem from the same vacuum

wave functional. Similarly, by self-consistency of the above equations of motion, baryons

share the same universal acceleration, because of the fact that they move in a self-consistent

gravitational potential that is balanced by the quantum potential. Also, given the role of the

quantum potential in the FDM structure formation it may be possible to relate structure

formation to the Hubble scale on all scales and all structures, as indicated by the observation

summarized in Fig. 1.

It is worth noting that both the Hubble scale and the quantum potential term in Eq. (8)

depend on the redshift z, and thus the fundamental acceleration can be expected to be z

dependent. However, as Fig. 2 indicates, the observed data, available only for redshifts

up to z ∼ 2.5, do not suggest any z dependence for a0. Therefore, studies of the redshift

dependence of a0 at higher z could provide a test of these ideas.
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